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A Framework for Analysis of Connectivity and
Performance Bounds in Ad Hoc Networks and Its
Application to a Slotted-ALOHA Scenario

Fabrizio Granelli, Member, IEEE

Abstract: In this paper, a framework is proposed to analyse the
problems of connectivity and performance in ad-hoc networks
through an analytical approach. To this aim, available results
regarding the application of percolation theory to the study of
connectivity in ad-hoc networks are exploited jointly with
communication theory models in order to derive the configuration
of network parameters that ensures long range connectivity
among nodes and the corresponding available capacity on the
wireless medium. The framework is then applied to a slotted
ALOHA ad-hoc network. Theoretical and numerical results
validate the approach and allow the derivation of interesting
design principles for ad-hoc networks that consider the impact of
physical and MAC-level parameters on network connectivity and
end-to-end performance.

Index terms: ad-hoc networks, performance evaluation, slotted-
ALOHA

1. INTRODUCTION

Mobile ad-hoc networks (MANET) consist of wireless hosts
that communicate with each other in the absence of a fixed
infrastructure [8]. They can be used in a wide plethora of
applications, ranging from tactical operations, to establish
quickly military communications during the deployment of
forces in unknown and hostile terrain; to sensor networks, for
communication between intelligent sensors mounted on mobile
platforms. In the last application, mobile ad hoc networks are
likely to achieve wide deployment in the near future because
they greatly extend the ability to monitor and control the
physical environment from remote locations.

In ad-hoc wireless networks, effective exploitation of the
shared transmission resources and power control are two key
elements representing research challenges. Not all hosts are in
fact within the transmission range of each other and
communication is achieved by multi-hop routing, where
intermediate nodes cooperate by forwarding packets between
two hosts. Available bandwidth on the wireless medium is
partitioned / shared by all the nodes in a given range and
access to the medium is usually performed in a distributed
fashion.

Moreover, employment of batteries in ad-hoc networks
nodes imposes strong constraints on energy consumption and
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trasmission power. Key point for the existence of the network
is in fact the life of each node, which should be maximized,
and thus energy saving.

At the present moment, a relevant scientific effort is devoted
to the design and implementation of ad-hoc networks, and in
particular the development of useful models as tools for
comparing different design principles or solutions represents
an open issue.

In such framework, the usage of percolation theory using a
physical model for transmission based on the signal to noise
ratio was recently proposed [1] for studying capacity and
connectivity issues in ad hoc networks in presence of
interference. An interesting approach is presented in [2], which
considers an extension of the model to the case where
interference among contemporary nodes transmission is
mitigated through the introduction of a constant (g) to include
the employment of orthogonal CDMA codes, as a way to
effectively reduce the impact of interfering signals.

The present work focuses on the issues related to resource
and power allocation / management in ad-hoc networks, in
order to provide guidelines for the design and configuration of
ad-hoc networks under constraints of network connectivity and
performance bounds of the resulting architecture.

From a methodological point-of-view, the paper represents a
further generalization of the work presented in [2] by
introducing a framework that considers in addition to physical
parameters (transmission power, modulation parameters, etc.)
the existence of the medium access control (MAC) protocol,
that coordinates and manages access to the wireless medium.
Different MAC strategies have a relevant impact on ad-hoc
network connectivity and performance.

The framework is then applied in a scenario where the
available bandwidth is shared among all nodes and the MAC
protocol employs a slotted-ALOHA strategy. Results will
analyse the configurations of parameters (node spatial density,
transmission power, etc.) of the network that grant connectivity
between two distant nodes.

The structure of the paper is as follows: section II introduces
the framework and the proposed model, while the relevant
theoretical results are derived in section III. Finally, section IV
presents some numerical results and section V draws
conclusions and outlines future work on the topic.

II. THE PROPOSED APPROACH

A. The Proposed Framework

The considered scenario is a multi-hop ad-hoc network of
infinite extension, where nodes are spatially distributed
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according to a Poisson distribution of constant density A, like
in [2]. A represents the average number of nodes per square
meter. Each node transmits using a power level P;, selected in
the range [0, P,] and tuned in such a way to reach its
neighbors. P, is the maximum available transmission power of
each node. Finally, x; is a vector representing the position of
the i-th node (two-dimensional in the case considered
throughout the paper), while L(x) is the attenuation function
experienced by a signal on a distance equal to x. L(x) depends
from the specific propagation model under exam.

In case the access to the medium is perfectly scheduled (one
transmission at a time, no interference — like in Time Division
or Frequency Division Multiple Access), transmission
between node i and node j is successful if the received signal-
to-noise ratio is higher than a threshold £

B-L(xl.—xj)
T

n

> B (1)

where T, is the thermal noise power, given by FkT,B (F is
the noise figure, k£ is the Boltzmann’s constant, B the
transmission bandwidth and 7, the temperature of the
environment) [2]. Eq.(1) models the well-known principles of
communication systems, that require a minimum ratio between
received signal power and noise in order to allow effective
decoding at the receiver side. The threshold /£ depends on
several design aspects: the employed modulation, the
transmission / reception schemes, the usage of error correction
schemes, etc.

In a more realistic scenario, other nodes will access the
medium through the selected MAC strategy and thus
potentially generating interference to the transmission between
nodes i and j. Therefore, we need to enhance Eq.(1) by
introducing the contribution of the other active nodes and
obtaining the following relationship:

P Lx ~x)) . 5 2)
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where gyc is the MAC-level factor of merit of the network
and represents a multiplicative term (between 0 and 1) that
models the mitigation effects on interference of the specific
MAC strategy employed for accessing the medium. It can be
casily seen that for g1 (perfect scheduling: TDMA,
FDMA), Eq.(2) becomes Eq.(1).

It should be noticed that Eq.(2) contains both the constraints
on the physical interference level and medium access control
efficiency to achieve successful transmission on a given link.

B. The Considered Scenario

We restrict our analysis to the case of a perfect wireless
channel (the effect of transmission on the channel is only
attenuation), characterized by the following propagation
model:

L(x):Hfoa 3<a<6 3)

A relevant aspect in the framework of ad-hoc networks is
the Medium Access Control (MAC) protocol, since it defines
the procedures for sharing the wireless medium common to all

terminals belonging to the network. More in detail, access to
communication resources in ad-hoc networks is based on two
principles: resource sharing (the wireless medium is shared
among nodes in a neighborhood defined on the basis of the
transmission range) and space-division (interference is limited
to neighboring nodes). Several approaches have been
proposed so far, starting from ALOHA and CSMA (for
generic radio communications) up to ad-hoc network specific
protocols such as MACA [10], FAMA [11], MACAW [12],
MACA-BI [13], etc. For a good, comprehensive and up-to-
date review of existing medium access control schemes for ad
hoc networks and open challenges, the reader should refer to
[9].

The remainder of the paper is focused on a Slotted-ALOHA
medium access control strategy, because it is the simplest and
least computational extensive, while maintaining the features
of random access and distributed implementation of the
modern schemes. Furthermore, the considered scenario allows
to provide closed-form and easy-to-interpret solutions to the
problem of planning ad-hoc networks. However, the
framework remains valid also for other MAC schemes, given
the possibility of estimating the term gy.4c in Eq.(2).

In Slotted-ALOHA [4], the available resources are
partitioned into equal-size time slots, and nodes are allowed to
transmit in any slot without control — but only on the
beginning of each time slot. If just one node accesses a given
slot and no errors are introduced, transmission is successful
and the receiver sends an acknowledgement back to the sender
in order to confirm the data. ACKs are not considered in the
paper, supposing they are very small and have a very low
probability of interfering with other transmissions. The
advantage of the approach is that — wunder specific
circumstances which will be defined in the following sections
— it provides a simple yet effective exploitation of the
available resources, since in principle resources are assigned
to the nodes that need them. In fact, in the case only one node
access the medium in a given time slot, it gains full access to
the available channel.

In order to evaluate gyac, the probability that a given
station/node accesses the shared channel in a given slot is
labeled p (both slot time and p are equal for any node). The
probability that more than 1 node accesses the medium during
a given slot (i.e. the probability of collisions) is then given by

Pr{collisions} =1- (l - p)ml “)

where N is the number of nodes in the local neighborhood
(including node 7). As a consequence, the nodes that can
potentially interfere with the transmission of node i is N-1.
Starting from Eq.(4), it is possible to write

1-8yuc =|_1_(1_p)N_1J (%)

And finally, by substituting (5) in (2), we find an updated
model for successful transmission, which contains a set of
physical and MAC-level design parameters:
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Eq.(6) represents the constraint for successful transmission
between node i and node j in the case of employing the
slotted-ALOHA access discipline.

Since nodes are Poisson-distributed in the space with
average A, it is possible to estimate the maximum number of
potentially interfering nodes by considering the ones within
the maximum transmission range 7. From [2] it is known
that, if 7 x)=|x then — neglecting mutual intereference — it

is possible to evaluate r,,,, as:

Ja
rmax:]m Pl
[ﬂTnj

where 7, is the unitary distance costant (equal to 1 meter).
As a consequence:

(7
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3. THEORETICAL RESULTS

Eq.(6) is the same as the first condition presented in [2,
Eq.(1)]. In fact, if we substitute y =1—(1— p)"™', we obtain:

p-Llx ~x)) ©
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As a consequence, it is possible to exploit the results
presented in [2] as a starting point and generalize for further
analysis of connectivity problems in ad-hoc networks.

A. Percolation

The main result is that we can apply the percolation theory
[3] to characterize connectivity of the ad-hoc network, i.e. to
discriminate under which conditions the network is made of
disconnected clusters of nodes or distant nodes are enabled to
transfer data (full connectivity). More in details, we are
interested in studying for which configurations of the network
parameters it is theoretically possible to set up long range
connections.

From results in [2] we know that:

> A percolation threshold exists for y =0 (p =0)

» A percolation threshold also exists for <y , with
y'<1/p. In this case, the value of ) can only be
approximately determined through numerical simulations.

In our case, since the case p=0 is straightforward and
could be considered as a reference case, we focus on the
second case:

y=1-(1-p)"" <y’ (10)
1_p>exp{ﬂ1—_7)} (11)
N-1
» <1_exp[ﬂ1_q)} - Xp{;ﬁl;iﬂ (12)
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Eq.(12) confirms the empirical consideration that if p is too
large, then no long range communication is possible due to the
high number of collisions on the wireless medium. By

knowing it, it is possible to evaluate the critical probability of
medium access by a single station, given by:

p=1- expL1

Another result is the critical node density above which
connectivity is granted. In this case, starting from (12) it is
possible to find that:

Aot —1> ln(l—y

(13)
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Figure 1 depicts the behaviour of p" and A against the
parameters of the network.
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Fig. 1. Behaviour of p”(a) and 4’ (b) in the (A,B) and (p,B) spaces,
respectively (P=100mW, Nj=10"¢, =3, ;/* =0.01).

B. Connectivity

The maximum number of nodes N, that a node can be
locally connected is given by [2]:
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(17

PP B (8)
P
As a consequence, we can define the connection density o as

the product between the node density A and the maximum
number of connections N, of a single node:

S=iN. { (19)

connections
square meter

The connection density represents the number of
connections per unit area that can be supported by the
considered ad-hoc network.

C. Perfomance Bounds

Recalling Hartley-Shannon’s law for the capacity of a
communication channel [5], the capacity C of a channel can
be calculated in on the basis of the available bandwidth B and
the signal-to-noise ratio at the receiver S/N with the following
formula:

C=B-log(l+S/N) (20)

In the considered scenario, it is then possible to calculate the
theoretical maximum capacity related to any of the links
within a transmission path (end-to-end — E2E) as:

C,, =B-log 1+ )
ij 0g| Tn +|.1_(1_p)1v-1-|' ZPk ~L(xk _x[)
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The total capacity over the entire transmission path is given
by the minimum capacity on all the links. Considering the
available end-to-end paths where Eq.(6) is verified on every
point-to-point link, it is possible to evaluate the end-to-end
capacity of any existing multi-hop path through the network:

Cppp =miniC, , |> B-log(1+ ) (22)
l,.] -

Eq.(22) defines the minimum channel capacity associated to
any link among two nodes in the ad-hoc network that can be
achieved in our scenario (in the case percolation is verified)
and thus it represents the minimum capacity over an
established end-to-end path through the ad-hoc network. This
result is general, since it is valid as long as Eq.(6) holds.

Another interesting result is the possibility of computing an
estimate of the end-to-end bit error rate (BER) by using a
method similar to the one presented in [6]. In our scenario,
considering a binary phase shift keying (BPSK) modulation:

F, 'L(xf —x/.) (23)
Tn+[1_g.MAC ZPA 'L(XA _x/)
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BER,,, ~1-|1-0)

where N, is the number of hops over the end-to-end
transmission path.

Again, it is possible to find a lower bound for BERg,; by
using the constraint in Eq.(6):

BER 1 min ® 1- [1 - Q(ﬁ)]Nh (24)

Eq.(22) and (24) allows joint estimation of the channel
bitrate and the BER performance on the end-to-end data
connection in the considered wireless ad-hoc network.
Knowing such information and the format of the MAC-level
frame it is possible to derive the end-to-end frame error rate
(FERg;g). Furthermore, the transmission rate over the end-to-
end data path will be derived from (22) as

R (25)

e = e Veuy " Crog

where vypyy introduces sub-optimal performance (with
respect to Hartley-Shannon law) due to physical level
modulation / coding schemes, while ayac takes into account
reduction in data rate due to the employed MAC strategy.

It must be underlined that the proposed framework provides
useful results also in the case of different MAC strategies, as
long as it remains possible to characterize the network
behaviour cosistent with formula (2).

IV. NUMERICAL RESULTS AND DISCUSSION

This section contains numerical results used for underlining
some design principles for ad-hoc networks. First, numerical
results are related to the problem of achieving full network
connectivity. The employed algorithm (implemented in the
Matlab environment [7]) is the following:
¢ the node topology is randomly generated using a Poissonian
distribution with parameter A;

e for each node, the potential interference deriving by the
active nodes in that time slot is computed and the
corresponding signal-to-noise ratio for any receiving node is
computed;

o if the signal-to-noise is higher than f, then connection is
available between the considered node couple.
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Fig. 2. No. of connections per node against ‘p’: P=10mW (a),
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Fig. 3. Topology and available connections for different configurations of the network parameters: N=10, p=0.1, P=10mW (a-b), N=100,
p=0.05, P=10uW (c-d). The other parameters are Ng=10°, a=3, p=1.

Figure 2 depicts the average number of connections per
node using fixed transmission power and variable probability
of accessing the medium p. The different power levels
employed in the experiments are used to simulate two
situations: (a) high transmission power, with mainly single-
hop connections; (b) low transmission power, with multi-hop
paths. Connectivity is achieved in both cases for low values of
p, with a sharper behaviour in case (a) — deriving from the
impact of collisions even by far nodes.

Furthermore, from the analysis of Fig. 2, it is possible to
find an approximate value of the percolation threshold on the
basis of the number of nodes in the network. Table I
summarizes the empirical evaluation of the threshold value p*
that enables network connectivity.

It can be noticed that in the case presented in fig.2-a, the
critical value of p that enables connectivity decreases as the
number of nodes (and consequently collisions) increases,
while in case (b) the behaviour is different, due to the fact that
the range of interference is much more reduced.

For more clarity, figure 3 presents a snapshot of the node
topology and the corresponding available links.

The proposed framework allows evaluation of the impact of
several transmission and medium access control parameters on
the performance of the ad-hoc network. In the following
paragraphs, performance of the network in terms of
normalized end-to-end capacity (capacity divided by occupied
bandwidth) and bit error rate are presented. For sake of
generality, results are presented as function of the MAC-level
factor of merit gyc (simply referenced as ‘g’ for clarity).

TABLE I. THRESHOLD VALUE P* FOR ACHIEVING CONNECTIVITY.

No. of nodes Critical value of p
10, P=10mW (fig.2a) >0.3
30, P=10mW (fig.2a) 0.1<p*<0.15

50, P,=10mW (fig.2a) 0.1

100, P=10mW (fig.2a) 0.05<p*<0.1
10, P=10uW (fig.2b) 0.05<p*<0.1
30, P,=10uW (fig.2b) 0.15<p*<0.2
50, P,=10uW (fig.2b) 0.05<p*<0.1
100, P,=10uW (fig.2b) 0.05<p*<0.1

Figure 4 depicts the normalized end-to-end capacity or
spectral efficiency [bits/sec-Hz] (i.e. the end-to-end capacity
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per unit of frequency) for different levels of the signal-to-
noise ratio at the receiver. In the figure, the x-axis represents
the ratio between the received power and termal noise, which
is considered fixed, while the impact of interference by other
nodes and merit of MAC strategy are considered in different
curves. The ideal case considers perfect scheduling in access
to the shared resource, which neglects mutual interference
among neiboring nodes and brings to higher capacity;
completely random access is the worst case, where no
coordination among nodes occurs. The figure underlines that
capacity variation is at maximum 20%. Furthermore, as a
comparison, capacity is reported in the case of fixed TDMA
(Time Division Multiple Access), where resource are equally
divided among 2 and 4 users in the same neighborhood.
Reduced performance in spectral efficency is the price for
complete and rigid scheduling and resource sharing — leading
to perfect coordination in medium access and no interference.

25 T T
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Fig. 4. Normalized capacity of the network for different signal-to-
noise ratios and different MAC performance.

Fig. 4 allows to conclude that — in the considered scenario —
the factor of merit of the selected MAC strategy does not
impact much on the end-to-end capacity of the ad-hoc network
(around 20% at most), while the philosophy employed by the
MAC protocol is more relevant: resource reservation / pre-
assignment (like in TDMA) bring less advantage than
contention-based solutions (upper curves).

Figure 5 provides an interesting insight on the impact of the
MAC factor of merit on the BER performance of the multi-
hop network. By using Eq. (23) it is possible to underline that
the employment of a reliable medium access control strategy
can dramatically improve the performance of the ad-hoc
network, even of several orders of magnitude.

Summarizing, the MAC factor of merit (or probability of
accessing the medium, in the considered slotted-ALOHA
case) jointly with physical transmission parameters has a
strong impact on the connectivity properties of the resulting
ad-hoc network (see fig.2 and table I). This is due to the
critical trade-off between transmission range and interference

control, which suggest the usage either of a reliable MAC
strategy and wider range, or a less complex MAC but also

shorter range.
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Fig. 5. BER performance against signal-to-noise ratio for different
levels of MAC performance.

Another relevant outcome of the proposed numerical
analysis is that MAC performance has limited impact in the
end-to-end capacity of the network, while it dramatically
affects transmission performance in terms of the bit error ratio.

V. CONCLUSIONS AND FUTURE WORK

The paper introduced a framework for the theoretical
analysis of connectivity and performance issues in a wireless
ad-hoc network. The application of the percolation theory
jointly with communication theory principles allowed to
derive some relevant and general analytical relationships
among the network parameters, and the corresponding
performance bounds in several scenarios. The paper presents
the application of such framework in the case of a slotted-
ALOHA medium access control strategy. Numerical analysis
of the derived relationships and simulations are used in order
to derive design principles for ad-hoc networks that consider
the impact of physical and MAC-level parameters on network
connectivity and end-to-end performance. Main outcome,
shown through graphical comparisons, is that the MAC factor
of merit (i.e. the capability to coordinate medium access in a
given neighborhood) has a dramatic impact on the bit error
ratio, while in terms of spectral efficiency the higher gain
depends on using contention rather than scheduling in medium
access.

Future work will be devoted in studying and introducing in
the model additional MAC- and physical level characteristics,
such as sub-optimal transmission performance, protocol
overhead, and link-level retransmissions.
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